Superfield formalism for the one loop effective action and CP(N) model
  in three dimensions by Cho, Jin-Ho et al.
ar
X
iv
:h
ep
-th
/0
31
20
88
v2
  1
0 
D
ec
 2
00
3
Preprint typeset in JHEP style - HYPER VERSION hep-th/0312088
Superfield formalism for the one loop effective action
and CP(N) model in three dimensions
Jin-Ho Cho, Sang-Ok Hahn, Phillial Oh, Cheonsoo Park and Jeong-Hyuck Park†
Department of Physics and Institute of Basic Science, Sungkyunkwan University
Chunchun-dong, Jangan-gu, Suwon 440-746, Korea
†Institut des Hautes Etudes Scientifiques, Bures-sur-Yvette, F-91440, France
Abstract: To obtain the one loop effective action for a given superfield theory, one en-
counters the notion such as the ‘supertrace’ of a differential operator on superspace. We
develop, in a systematic way for the superspace of arbitrary dimension, a method to deter-
mine the supertrace precisely. We present a formula to express the supertrace explicitly as
the superspace integral, which enables us to write the one loop effective action within the
superfield formalism and still maintain the manifest supersymmetry. In the second part
of the paper, we apply the result to a three dimensional N = 1 supersymmetric CP(N)
model in the auxiliary superfield formalism. The model contains a novel topological inter-
action term. We show in the large N limit the one loop effective action is given by the
supersymmetric Maxwell-Chern-Simons theory.
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1. Introduction and summary
There are two approaches to the path integral quantization of supersymmetric field theories.
One is to work in the component formalism. The functional integral is straightforward, but
supersymmetry is not manifest. The other is to go to the superspace [1] which contains the
anti-commuting Grassmann coordinates as well as the usual spacetime coordinates. The
ordinary fields and their functional integrals are replaced by the superfields and super func-
tional integrals [2]. In consequence, we encounter the notions such as superdeterminant and
supertrace, and these quantities are to be directly evaluated on superspace. Superpropa-
gators and super Feynman rules naturally follow on superspace and the supersymmetric
effective action can be canonically computed while keeping the supersymmetry manifest
[3, 4].
In the present paper, for the superspace of arbitrary dimension, we develop a novel
technique to determine precisely the supertrace of a differential operator on superspace,
which arises in the computation of the one loop effective action within the path integral
formalism. We present a formula to express the supertrace explicitly as the superspace
integral, which enables us to write the one loop effective action within the superfield for-
malism and still maintains the manifest supersymmetry. In the second part of the paper,
we apply the result to a three dimensional N = 1 supersymmetric CP(N) model in the
auxiliary gauge superfield formalism [5, 6, 7]. The model also contains a topological in-
teraction term. Its bosonic sector is the higher derivative CP(N) model with the Wess-
Zumino-Witten term and also the topological current term squared [8]. Since the theory
has the interesting properties in the large N limit such as its renormalizability and the
Maxwell-Chern-Simons terms being dynamically induced at a nontrivial UV fixed point, it
is worthwhile to check how the properties persist in the supersymmetric case too.
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The organization of the paper is as follows. Section 2 contains our main result for the
one loop effective action on the superspace of arbitrary dimension. We consider an arbitrary
differential operator on the superspace, ∆, which generally depends on the superspace
coordinates as well as their derivatives. The one loop effective action then corresponds to
the “supertrace of the logarithm of it”. We conceive a certain dual orthonormal basis for the
Grassmannian coordinates and express the differential operator as well as the superfields
of the given theory in terms of these basis. The differential operator then corresponds to
a supermatrix, ∆˜, while the superfields are matched to the Z2-graded vectors on which
the supermatrix acts. Moreover, the computation of the one loop effective action within
the path integral formalism yields the supertrace of the logarithm of the supermatrix
corresponding to the differential operator, Str(ln ∆˜). Following the very definition of the
supertrace for the supermatrix, we explicitly compute this quantity. Firstly, thanks to the
orthonormal property of the dual basis, the supermatrix corresponding to the product of
two differential operators is identical to the product of the two corresponding supermatrices,
and hence we obtain the crucial identity, Str(ln ∆˜) = Str( l˜n∆ ). Secondly, we demonstrate
how to manipulate the supertrace of the supermatrix corresponding to an operator on
superspace in terms of the superspace integral with the operator itself rather than the
supermatrix. Combining the two results, we obtain the final formula which expresses
Str(ln ∆˜) as the superspace integral of the multi-commutators between the logarithm of
the operator, ln∆, and the Grassmann coordinates. Our result can be rewritten in an
alternative fashion to resemble some known conventional expression for the supertrace.
We believe our result clarifies the precise meaning of it.
In section 3, we apply the above result to the three dimensional U(1) gauged N = 1
supersymmetric CP(N) model which contains the gauge superfield and also a topological
interaction term. Sticking to the superspace formalism, we solve the mass gap equation
and compute the one-loop effective action. We show that in the large N limit, the theory is
renormalizable and the one loop effective action is given by the supersymmetric Maxwell-
Chern-Simons theory plus its higher spacetime derivative generalization. In particular, the
first order in the derivative expansion corresponds to the supersymmetric generalization of
the extended topological massive electrodynamics model studied by Deser and Jackiw [9].
The Appendix demonstrates the relation of the gauged CP(N) model to the super-
symmetric higher derivative CP(N) model with the Wess-Zumino-Witten term [8].
2. One loop effective action - general analysis
We consider a generic superspace of arbitrary dimension, d + Nf , where the even part
is a spacetime of dimension, d, and the odd part consists of Grassmann variables, ϑα,
α = 1, 2, · · · , Nf . Without loss of generality we take the real basis so that ϑα = (ϑα)† and
let Nf be a even number.
On the superspace the superfield is of the generic form,
Φ(z) = φ(x)+ϑαψα(x)+· · ·+ϑ1ϑ2 · · ·ϑNfF (x) =
Nf∑
n=0
1
n!
ϑα1ϑα2 · · ·ϑαnφα1α2···αn(x) . (2.1)
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Its complex conjugate superfield reads
Φ† =
Nf∑
n=0
1
n!
φ†α1α2···αnϑ
αn · · ·ϑα2ϑα1 . (2.2)
Any operator acting on the superfield is a function of the superspace coordinates and
their derivatives, ∆(xµ, ϑα, ∂ν , ∂β). The typical manipulation to get the one loop effective
action is to integrate out the complex scalar superfields,∫
DΦDΦ† e
∫
dz
d+Nf Φ†∆Φ =
1
“sdet∆”
= e−“Str(ln∆)” . (2.3)
In the remaining of this section we show that the precise meaning of “Str(ln∆)” is in
fact,
“Str(ln∆)” =
∫
dzd+Nf
1
Nf !
ǫ
α1α2···αNf 〈x|{[· · · {[ln∆, ϑα1 ], ϑα2} · · ·]ϑαNf }|x〉
=
∫
dzd+Nf lim
z′→z
〈z′| ln∆|z〉 =
∫
dzd+Nf lim
ϑ′→ϑ
〈x| ln∆δ(ϑ − ϑ′)|x〉 ,
(2.4)
where δ(ϑ − ϑ′) = (ϑ1 − ϑ′1)(ϑ2 − ϑ′2) · · · (ϑNf − ϑ′Nf ). The second line resembles some
known result in the literature [11], where the supertrace is simply given by
∫
dzd+Nf 〈z|O|z〉.
Hence, our result clarifies the precise meaning of the conventional expression.
Proof
We first let all the possible independent products of the Grassmann coordinates,
{ϑα1ϑα2 · · ·ϑαn , n = 0, 1, · · · , Nf} ≡ { |M〉 } be a basis for the ϑα expansion of the super-
field with the dimension, 2Nf , i.e. M = 1, 2, · · · , 2Nf . Then formally we can put
Φ(z) =
∑
M
|M〉 Φ˜M (x) , (2.5)
and write an associated column vector,
Φ˜ = (Φ˜1, Φ˜2, · · · , Φ˜M , · · · )T . (2.6)
Now we define the dual orthonormal basis, { 〈K| } by 〈K|M〉 = δKM . Explicitly it is
of the form
〈K| = ∂1∂2 · · · ∂NfϑNf · · ·ϑ2ϑ1∂βm · · · ∂β2∂β1 , (2.7)
and the orthonormality reads
(∂1∂2 · · · ∂NfϑNf · · ·ϑ2ϑ1∂βm · · · ∂β2∂β1)(ϑα1ϑα2 · · · ϑαn) = n! δ nm δ [α1β1 δ
α2
β2
· · · δ αn]βn , (2.8)
where on the right hand side [α1α2 · · ·αn] denotes the total anti-symmetrization having the
“strength one” or the multiplication factor, 1/n! . The usual completeness relation follows
straightforwardly, ∑
K
|K〉〈K| = Identity . (2.9)
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Using the orthonormal basis above we can express any operator acting on the super-
fields,
O(xµ, ϑα, ∂ν , ∂β) = |M〉O˜MK(xµ, ∂ν)〈K| . (2.10)
The crucial merit of conceiving the above orthonormal dual basis is as follows. The
product of operators can be also rewritten in terms of the basis. From the orthonormality
we get
O1O2 = |M〉 O˜1O2 MK〈K| , O˜1O2 MK = 〈M |O1O2|K〉 = O˜1MLO˜2LK . (2.11)
Namely, the supermatrix, O˜MK = 〈M |O|K〉, gives a good representation for the product
of the operators.
The supertrace of the supermatrix, O˜, can be now expressed as a superspace integration
of the operator itself,
StrO˜ =
∑
M
(−1)#(M)〈M |O|M〉
= tr
 Nf∑
n=0
(−1)n
n!
∂1∂2 · · · ∂NfϑNf · · ·ϑ2ϑ1∂αn · · · ∂α2∂α1O ϑα1ϑα2 · · · ϑαn

=
∫
dϑNf tr
 ∑
n+m=Nf
(−1)n
n!m!
ǫα1α2···αnβ1β2···βmϑα1ϑα2 · · ·ϑαnO ϑβ1ϑβ2 · · ·ϑβm

=
∫
dϑNf tr
[
1
Nf !
ǫ
α1α2α3···αNf {[· · · [{[O, ϑα1 ], ϑα2}, ϑα3 ] · · ·]ϑαNf }
]
.
(2.12)
Here ‘tr’ denotes the trace over the spacetime coordinates, ǫ
α1α2···αNf is the totally anti-
symmetric tensor such that ǫ12···Nf = 1, and our convention for the integration over the
Grassmann coordinates is
∫
dϑNf ϑ1ϑ2 · · ·ϑNf = 1.
We also have
OΦ =
∑
M,K
|M〉O˜MK Φ˜K , (2.13)
and ∫
dϑNfΦ†Ψ =
∑
n+m=Nf
1
n!m!
φ†α1α2···αnǫ
αn···α2α1β1β2···βmψβ1β2···βm ≡ Φ˜†E˜Ψ˜ . (2.14)
Now the one loop effective action (2.3) reads, from (2.11) and sdet E˜ = 1,
ln
(∫
DΦDΦ† e
∫
dz
d+Nf Φ†∆Φ
)
= − ln
[
sdet(E˜∆˜)
]
= −Str(ln ∆˜) = −Str( l˜n∆ )
= −
∫
dzd+Nf
1
Nf !
ǫ
α1α2···αNf 〈x|{[· · · {[ln∆, ϑα1 ], ϑα2} · · ·]ϑαNf }|x〉 .
(2.15)
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Instead of using the dual orthonormal basis, if we consider the expansion of an operator
by the ordinary derivatives for the Grassmann coordinates,
O(z, ∂µ, ∂α) =
Nf∑
n=0
1
n!
O(z, ∂µ)α1α2···αn∂α1∂α2 · · · ∂αn , (2.16)
it is straightforward to check that only the highest order component contributes to the
supertrace. Thus, formally introducing |ϑ〉 such that
〈ϑ′|ϑ〉 = δ(ϑ − ϑ′) = (ϑ1 − ϑ′1)(ϑ2 − ϑ′2) · · · (ϑNf − ϑ′Nf ) , (2.17)
we get
StrO˜ =
∫
dzd+Nf 〈x|O(z, ∂µ)Nf ···21|x〉 =
∫
dzd+Nf lim
z′→z
〈z′|O|z〉 . (2.18)
This completes our proof.
Recently one of the authors showed that every superfield theory can be described by
a dual supermatrix model [10]. It will be interesting to see how our result persists in the
supermatrix side.
3. N = 1 supersymmetric CP(N) model in three dimensions
In this section, we consider a three dimensional supersymmetric N = 1 CP(N) model
with a topological interaction term. Our notation is as follows. The spacetime metric is
η = diag(+ −−), and the gamma matrices are all imaginary given by the Pauli matrices,
γ0 = σ2, γ1 = iσ3, γ3 = iσ1 [11]. The spinors are real θα = θα
†, α = 1, 2, and the adjoint
of the spinor is pure imaginary, θ¯ = θ†γ0. The charge conjugation matrix, Cαβ, satisfies
C−1γµC = −γµT , C = −CT = C−1 , C = γ0 . (3.1)
Using the covariant derivatives given by
Dα =
∂
∂θ¯α
− i(γµθ)α ∂
∂xµ
, D¯α = DβC
−1βα = − ∂
∂θα
+ i(θ¯γµ)α
∂
∂xµ
, (3.2)
we consider the following action of the N = 1 supersymmetric CP(N) model [5, 6, 7] in
three dimensions with a topological interaction ;
S =
∫
dx3dθ2
[
N
2g
(
∇¯αΦ¯i∇αΦi+2Σ(Φ¯iΦi−1)
)
− iκ4N
(
F¯αΦ¯iDαΦi− D¯αΦ¯iΦiFα
)]
. (3.3)
The first two terms corresponds to the supersymmetric CP(N) model and the last two terms
describes the topological interaction [8]. In the above action, Φi, Φ¯i = Φi
†, i = 1, · · · , N
are complex superfields,
Φi(x, θ) = φi(x) + θ¯ψi(x) +
1
2 θ¯θFi(x) , (3.4)
and Σ is a real superfield serving as a Lagrange multiplier,
Σ(x, θ) = σ(x) + θ¯ξ(x) + 12 θ¯θα(x) . (3.5)
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The gauge covariant derivatives are given by
∇α = Dα + iAα , ∇¯α = D¯α − iA¯α , (3.6)
with a real spinor superfield, Aα,
Aα = χα + i(γ
µθ)αAµ + θαD +
1
2 θ¯θωα . (3.7)
Aµ is the usual U(1) auxiliary gauge field and ∇¯αΦ¯ = (∇βΦ)†C−1βα.
The above action is invariant under the U(1) gauge transformation given by
Φ → eiΛΦ , Aα → Aα +DαΛ , (3.8)
where Λ is a real scalar superfield,
Λ = b+ θ¯f + 12 θ¯θa . (3.9)
In the Wess-Zumino gauge, fα = −χα, a = −D,
Aα(x, θ) = i(γ
µθ)αAµ +
1
2 θ¯θωα , (3.10)
and the real spinor superfield strength, Fα, takes the form,
Fα = −D¯βDαAβ = ωα + (Fµνγµνθ)α − i1
2
θ¯θ(γµ∂µω)α , (3.11)
where Fµν = ∂µAν −∂νAµ. Note that F¯α = FβC−1βα and Fα is gauge invariant due to the
identity, D¯βDαDβ = 0. The action is also invariant under the global SU(N) symmetry,
Φi → UijΦj .
Essentially the above action is the supersymmetric generalization of the bosonic model
one of the authors studied previously [8]. It is demonstrated in the Appendix that the spinor
superfield, Aα, can be eliminated from the action, (3.3), using the equation of motion as in
the case of the bosonic model, and the resulting action corresponds to the supersymmetric
generalization of the higher derivative CP(N) model with the Wess-Zumino-Witten term.
3.1 The effective action and the gap equation
In order to obtain the effective action and gap equation, we integrate out the complex
scalar superfield, Φ. We first rewrite the action (3.3) in the Gaussian form as
S =
∫
dz5
[
N
2g Φ¯i∆Φi − Ng Σ
]
, (3.12)
with a differential operator, ∆,
∆ = −D¯D − i(D¯A)− 2iA¯D + A¯A− iκgF¯D + 2Σ . (3.13)
Introducing the external source Ji for Φ¯i ( and similarly for J¯i for Φi) given by
Ji = ni + θ¯ηi +
1
2 θ¯θji , (3.14)
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we obtain the generating functional,
Z[Ji, J¯i] =
∫
DΦiDΦ¯iDADA¯DΣ exp
[
i
∫
dz5
(
N
2g Φ¯i∆Φi − Ng Σ+ 12 J¯iΦi + 12Φ¯iJi
)]
.
(3.15)
Integrating out the scalar superfields Φi, Φ¯i yields
Z[Ji , J¯i] =
∫ DADA¯DΣ eiWeff ,
Weff = iN“Str(ln∆)”−
∫
dz5 Ng Σ− g2N
∫
dz5 J¯i∆
−1Ji ,
(3.16)
where “Str(ln∆)” can be explicitly read off from (2.4), as done in the next subsection 3.2.
Here we approximate (3.16) by the large N saddle point method, and taking the Legendre
transformation of Weff , as usual, we get the effective action in the leading order,
Seff(Φi, Φ¯i,Σ) = iN“Str(ln∆)” +
∫
dz5 N2g
(
Φ¯i∆Φi − 2Σ
)
. (3.17)
Let us turn to the gap equation which can be derived from the stationary conditions
of the effective potential. Taking advantage of the global U(N) symmetry, we write expec-
tation values of Φi and Φ¯i as
(〈Φ1〉, 〈Φ2〉, · · · , 〈ΦN 〉) = (0, 0, · · · ,√gV ) , (3.18)
and 〈Σ〉 for that of Σ. Turning off the spinor superfield, Aα = 0, we obtain the effective
potential
Ueff ≡ −Ω−1Seff
= −N ∫ dθ2 (V¯ V − 1g )〈Σ〉 − i12N ∫ dθ2〈x|{θ¯α , [θα , ln(−D¯D + 2〈Σ〉)]}|x〉
= −N ∫ dθ2 (V¯ V − 1g )〈Σ〉 − iN ∫ dθ2 limz′→z 〈z′| ln (− D¯D + 2〈Σ〉)|z〉 ,
(3.19)
where Ω is the three-dimensional spacetime volume.
The stationary conditions for the effective potential read
V¯ 〈Σ〉 = V 〈Σ〉 = 0 ,
V¯ V − 1
g
+
i
(2π)3
∫
dk3
1
k2 − 〈Σ〉2 + iε = 0 .
(3.20)
The UV divergence appears in the second formula and with the momentum cut-off Λ, it
becomes
V¯ V − 1
g
+
Λ
2π2
− 〈Σ〉
4π
= 0 . (3.21)
Now we introduce an arbitrary scale parameter, µ, and a renormalized coupling constant,
gr, which satisfy
V¯ V − 1
gr
+
µ
2π2
− 〈Σ〉
4π
= 0 . (3.22)
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Then, the renormalized coupling constant and the bare coupling constant are related by
1
g
=
1
gr
+
Λ
2π2
− µ
2π2
. (3.23)
With the introduction of the dimensionless coupling u defined by u ≡ Λg, we obtain the
β-function as
β(u) ≡ Λ du
dΛ
= u
(
1− u
2π2
)
. (3.24)
This β-function shows a nontrivial UV fixed point at u = 2π2 ≡ u∗. In the continuum
limit, Λ→∞, we have u→ u∗.
From (3.20) and (3.24), we find that there are two phases :
(i) SU(N) symmetric phase for u > 2π2,
V = V¯ = 0 ,
〈Σ〉 = 〈σ〉+ θ¯〈ξ〉+ 12 θ¯θ〈α〉 ≡ m.
(3.25)
(ii) SU(N) → SU(N − 1)× U(1) broken phase for u < 2π2,
V = 1√g
[〈φN 〉+ θ¯〈ψN 〉+ 12 θ¯θ〈FN 〉] ≡ v 6= 0 ,
V¯ = 1√g
[〈φ¯N 〉+ 〈ψ¯N 〉θ + 12 θ¯θ〈F¯N 〉] ≡ v¯ 6= 0 ,
V¯ V = Λ
(
1
u − 12pi2
)
,
〈Σ〉 = 0 .
(3.26)
Note that in both phases, from 〈ξ〉 = 〈ψ¯N 〉 = 〈ψN 〉 = 0 and 〈α〉 = 〈F¯N 〉 = 〈FN 〉 = 0, the
supersymmetry is unbroken. For the symmetric phase, Eq.(3.21) becomes(1
u
− 1
u∗
)
Λ+
m
4π
= 0 . (3.27)
This gap equation is identical to that in the bosonic theory [6, 8], and the mass scale, m,
is an cutoff independent parameter of the theory.
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3.2 One loop effective action and renormalization
In this subsection, we consider the symmetric phase and redefine Σ as
Σ = m+Σ′ . (3.28)
After some manipulation for the one loop effective action using the superfield formalism
developed in section 2, we obtain the following large N effective action up to the quadratic
terms,
Seff = N
∫
dz5

1
2g Φ¯
(
− D¯D + 2m− i(D¯A)− 2iA¯D + A¯A− iκgF¯D + 2Σ′
)
Φ
−
(
1
u − 1u∗
)
Λ(mδ(2)(θ) + Σ′)− m4piΣ′ − m
2
8pi δ
(2)(θ)
−12Σ′ΠΣ′(−i∂)Σ′ − 116 F¯Π1(−i∂)F + m4 A¯Π1(−i∂)F
−12κgA¯Π2(−i∂)F − 18(κg)2F¯Π2(−i∂)F

, (3.29)
where
ΠΣ′(p) =
D¯(p,θ)D(p,θ)+4m
8pi
√
−p2 arctan
(√−p2
2m
)
,
Π1(p) =
1
4pi
√
−p2 arctan
(√−p2
2m
)
,
Π2(p) =
Λ
2pi2
− m4pi + p
2−2mp/
8pi
√
−p2 arctan
(√−p2
2m
)
.
(3.30)
Note that in the above action, the terms containing δ(2)(θ) come from the effective poten-
tial (3.19), and the Λ dependent term in the second line becomes finite through the gap
equation (3.27). Also, the derivative expansion in the third and fourth lines are manifest
supersymmetric because they are all given in term of (D¯D)2 = −4∂µ∂µ = 4p2.
As in the bosonic case [8], the above action is renormalizable in spite of the linear
divergence term. Introducing the Z factor for the coupling constant
Z−1 ≡ gr
g
= 1 +
ur
u∗
(
Λ
µ
− 1
)
, ur ≡ µgr , (3.31)
and redefining Φ ≡ √ZΦr in order to cancel the Z factor from the coupling constant
renormalization, we recast the kinetic term as
1
g
Φ¯(−D¯D + 2m)Φ = 1
gr
Φ¯r(−D¯D + 2m)Φr . (3.32)
This makes sure the kinetic term is UV finite by itself. The spinor superfield, Aα, and the
real superfield, Σ′, do not need any wave function renormalization. The induced super-
symmetric Maxwell-Chern-Simons term contains a linear divergence in Π2(p). However,
the β-function (3.24) tells us that the dimensionless coupling u ≡ gΛ goes to the UV
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fixed point, u∗ = 2π2, as the cutoff Λ goes to the infinity. Therefore, in the continuum
limit, Λ → ∞, we obtain the UV finite result, gΠ2(p) → 1, g2Π2(p) → 0, including the
supersymmetric Maxwell-Chern-Simons terms,
− 116 F¯Π1(−i∂)F + m4 A¯Π1(−i∂)F − 12κA¯F . (3.33)
After all, the one loop effective action (3.29) leads, in the continuum limit, to a scalar
superfield theory coupled to the derivatively expanded Maxwell-Chern-Simons theory;
Seff = N
∫
dz5

1
2gr
Φ¯r
(
− D¯D + 2m− i(D¯A)− 2iA¯D + A¯A− iκgrF¯D + 2Σ′
)
Φr
+m
2
8pi δ
(2)(θ)− 12Σ′ΠΣ′(−i∂)Σ′ − 116 F¯Π1(−i∂)F + m4 A¯
(
Π1(−i∂)− 2κm
)
F
 .
(3.34)
At the lowest order of the expansion in ∂/m, the supersymmetric Maxwell-Chern-
Simons theory is induced with the coefficient of the Chern-Simons term given by 132pi −
1
2κ. The origin of the parity-violating Chern-Simons term with the coefficient,
1
32pi , is
due to the parity violating fermion mass term in the first line of the action (3.29) [13],
while the topological interaction term shifts the coefficient by an amount of −12κ. It
is interesting to note that the next order of the expansion of the Chern-Simons term
yields the supersymmetric generalization of the higher derivative Chern-Simons extensions,
∼ m−2A¯(D¯D)2F [9], and with the choice of the coefficient κ ≡ 116pi , the gauge sector of
the effective action becomes the supersymmetric generalization of the extended topological
massive electrodynamics model of Ref. [9]
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A. Appendix
Here we show that the spinor superfield, Aα, can be eliminated from the action, (3.3),
using the equation of motion, and the resulting action corresponds to the supersymmetric
generalization of the higher derivative CP(N) model [8].
The equation of motion for the spinor superfield reads from
δAS =
∫
d3xd2θ
N
2g
[
δA¯α
(
Aα − iΦ†DαΦ− gκ
2
D¯βDα(iΦ
†DβΦ)
)
+ c.c.
]
, (A.1)
so that
Aα = Jα +
gκ
2
tα , (A.2)
where Jα = iΦ
†DαΦ, tα = D¯βDαJβ are the current density and the topological current
density respectively, satisfying D¯αtα = 0.
Substituting the expression into the action we obtain
S ′ = N
2g
∫
d3xd2θ
(
D¯αΦ†DαΦ− J¯αJα − g
2κ2
4
t¯αtα
)
+ SWZW . (A.3)
The third term inside the bracket is the supersymmetric generalization of the fourth order
derivative term [8], while SWZW is the supersymmetric Wess-Zumino-Witten term in three
dimensions [12],
SWZW = −κ
4
N
∫
d3xd2θ
(
t¯αJα + J¯
αtα
)
. (A.4)
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